Abstract. The wrinkling phenomenon of a compressed elastic thin film bonded to a viscous layer is studied. Linear stability analysis (LSA) shows that, for materials with cubic crystalline symmetry, the sign of the degree of elastic anisotropy ζ =
Introduction
Wrinkling phenomenon at the nanoscale has been simultaneously observed in various thin film systems by many research groups, and attracting ever more attention because of its many important applications, such as stretchable electronics, fabrication based on self-assembly, measuring film elastic properties and many others [1] [2] [3] [4] [5] [6] [7] [8] . In general, it is believed that the wrinkled surface is resulted from the compressed residual stress in the thin film, which is produced somehow inevitably in manufacturing processes.
In thin film systems, the film is usually assumed to be made of isotropic or anisotropic elastic materials, while the substrate may be made of elastic, viscous, viscoelastic or plastic materials, the properties of the wrinkling process vary accordingly [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . The study of wrinkling process of an elastic film bonded to a viscous substrate may be traced back to the pioneering work by Hobart and coworkers [1] . They found that a compressively strained heteroepitaxial Si 0.7 Ge 0.3 on a low viscosity borophosphorosilicate glass layer (BPSG) can lead to surface undulation when annealed at an elevated temperature above the glass transition temperature. By using the atomic force microscopy (AFM) and transmission electron microscopy (TEM), they observed that wrinkles patterns were well organized sinusoids and aligned with the < 100 > directions of the cubic crystal Si 0.7 Ge 0.3 with a period of about 1µm and amplitude of about 70-80 nm. Similar experimental observations have been reported by other research groups [22] [23] [24] . It is believed that it has important potential applications for designing stress relaxation strategies in semiconductor industries [25, 26] .
Many theoretical studies have been inspired by the experiments [9] [10] [11] [12] [13] [14] [15] [16] [17] . Earlier studies are mostly focused on the onset of buckling instability of isotropic elastic thin films on viscous substrates [9] [10] [11] [12] . By assuming that shear traction at the surface was zero and neglecting the in-plane expansion, Sridhar et al. performed a linear stability analysis(LSA) to determine conditions under which a compressive film on a finite-thickness viscous substrate would buckle and derived the expressions about the critical wave number and the fastest growing wave number of the buckling instability [9] . Coupling both in-plane expansion and wrinkling, Huang and Suo established a system of evolution equations for the wrinkling process, and performed a LSA and numerical simulations for one-dimensional wrinkles of isotropic elastic films [10] . More recently, to analyze the important role played by the anisotropy in the wrinkles pattern formation as is suggested by experimental observations, Im and Huang developed a model for wrinkling evolution process of anisotropic thin films on viscoelastic substrates [17] .
While LSA provides crucial information on the initial formation of wrinkles, numerical simulation should be the most convenient tool available to study long time evolution of wrinkling processes. Recently, a 1+1-dimensional (one temporal variable plus one spatial variable) finite difference simulation for the wrinkling process of an isotropic elastic film on a viscous layer has been reported [10, 13] .
In the present paper, to further explore the underlying mechanisms of the role played by the anisotropy in the wrinkling evolution process, we generalize Huang-Suo's model [10] to a 1+2-dimensional (one temporal variable plus two spatial variables) mathemat-ical model for anisotropic elastic thin films with cubic crystalline symmetry, and we apply both the LSA and long time numerical simulations to studying the two-dimensional wrinkles evolution and the scaling law of anisotropic elastic films on viscous layers. It is found that the sign of the degree of the elastic anisotropy ζ = C 12 +2C 44 C 11 −1 plays an important role in the anisotropy of the buckling instability of the thin film system. More precisely, we find that, the growth rate of the fastest growing wave number, taking as a function of directions, reaches a peak in the < 100 > directions for ζ > 0, and in the < 110 > directions for ζ < 0. Numerical experiments of long time wrinkling evolution processes verified the LSA results, successfully simulated anisotropic wrinkling pattern formation and coarsening, produced a power law scaling and reproduced certain featured phenomena observed in physical experiments. Both the analytical and numerical results are qualitatively in accordance with the physical experiments recently done by several research groups [1, [22] [23] [24] .
The rest of the paper is organized as follows. In Section 2, we briefly present the classical Föppl-von Karman(FvK) theory for thin elastic plates with cubic crystalline symmetry, and derive governing equations for the wrinkling evolution process for an anisotropic thin film system. In Section 3, a LSA is performed to reveal how the elastic anisotropy affects the initial buckling of the thin film. A highly efficient numerical algorithm, based on a semi-implicit spectral method making fully use of fast Fourier transform(FFT), is developed for the 1+2-dimensional wrinkling evolution process in Section 4. Numerical results are presented and discussed in Section 5. Finally, Section 6 concludes the paper with a summary.
Model formulation
In this section, the governing equations for anisotropic elastic thin films on viscous layers are derived. Similar to the approach in [17] , we adopt the anisotropic FvK theory to describe the deformation of anisotropic elastic thin films. The significant difference is that, instead of a compressible viscoelastic layer considered in [17] , we consider the substrate layer as an incompressible viscous layer. The difference will lead to quite different evolution process and thus power laws for coarsening.
Suppose that an elastic thin film with thickness h is bonded to a viscous layer with thickness H, which in turn is bonded to a rigid substrate. At the reference state, the film is assumed to be flat. To relax the strain energy caused by the intensive compressive residual stress, the elastic thin film will deform with in-plane expansion and out-of-plane wrinkling with certain preferred pattern and scale, as is illustrated schematically in Figure 1 . At the same time, the traction force generated by the deformation of the elastic thin film will drive the viscous layer to flow and further dissipate the energy of the system. The elastic thin film and the viscous layer are supposed to be strictly bonded to each other, thus the elastic film will never delaminate from the viscous layer during the wrinkling evolution process. We assume that the motion of the elastic film is quasi-static, i.e. the inertia force is neglected. 
Deformation of the thin film
Because the magnitude of out-of-plane displacement has the same order as that of the thickness of thin film layer during the deformation, the Föppl-von Karman large deflection plate theory is adopted to describe the deformation of the thin film layer. We suppose that the thin film layer is a homogeneous linear elastic plate which has cubic crystalline symmetry with three independent elastic stiffness constants C 11 , C 12 and C 44 , and the surface of the plate coincides with the (001) To establish the governing equations for the deformation of the thin film, we recall the following underlying hypotheses for deriving FvK equations [27, 28] : ( i ) Direct normal lines assumption: a normal line to the mid-surface of the plate before deformation remains a normal line to the deformed mid-surface. Under such an assumption, the transverse shear stresses are thus neglected.
( ii ) The normal stress along the transverse direction is small compared with the other stresses, and is also neglected.
(iii) A nonlinear strain-displacement relations is used by neglecting the high order nonlinear terms produced by in-plane displacements.
Under the assumption (iii) and due to the existence of initial residual stress, the strain αβ in the thin film can be expressed as αβ = 
Inserting the eqs. (2.2) and (2.3) into the strain-displacement relations (2.1), we can express the strain tensor defined on the whole plate by that defined on the middle surface of the plate:
Because the thin film material has the cubic crystalline symmetry, according to the linear elasticity theory, the constitutive equation can be expressed with three independent elastic constants by the generalized Hooke's law [30] 
where
. In the isotropic case when 2C 44 =C 11 −C 12 , 2 , where E is the Young modulus and ν is the Poisson ratio. Due to the elastic deformation, the elastic thin film stores the elastic strain energy W E , which can be expressed as .7), and integrating with respect to x * 3 over the thickness of the thin film layer, we obtain
where in (2.8)
is the membrane strain energy density with
being the membrane stress tensor, and where in (2.8)
is the bending moment energy density with
being the bending moment and strain tensor respectively. Denote q * and τ * 1 , τ * 2 the normal and shear traction forces that the viscous layer exerts on the thin elastic film, then the virtue work done by the forces can be expressed as
Since it is assumed that the motion of the thin elastic film is quasi-static, the principle of virtue work states δW E = δW F , (2.15) which leads to the following relations:
where σ * αβ is the stress tensor defined on the middle surface of the film through (2.4) and (2.6), and the repeated Greek subscripts α, β stand for summation over α,β = 1,2.
Flow of the viscous layer
According to the law of action and reaction, the glass layer (BPSG) is subjected to the normal and shear traction forces −q * and −τ * 1 , −τ * 2 exerted by the elastic thin film through their contact interface, which will drive the substance to creep between the two nearly parallel surfaces when the temperature is raised up to above the glass transition temperature. Suppose that the motion is so slow that the inertial term can be ignored, then the flow described by the incompressible Navier-Stokes equations reduces to the so called Stokes flow or Creeping flow. Suppose further that, (1) the out-of-plane displacement is much smaller than the thickness H of the viscous layer, i.e. w * H; (2) H is small as compared with the characteristic lengths, such as the wrinkling wavelengths, in the x * 1 and x * 2 directions; (3) the in-plane derivatives of the in-plane velocity are negligible as compared with its normal derivative, which is often considered as a natural consequence of (2) . Under such assumptions, following the approach by Huang and Suo [10] , the Reynolds lubrication theory [31] 
where η is the viscosity of the glass layer. We will see that, at least for the initial growth stage, the assumptions (1)-(3) are well satisfied; while for the coarsening stage, the approximation might be problematic. Notice that the terms q * , τ * 1 , τ * 2 in eqs. (2.18)-(2.19) are given by (2.16) and (2.17), these form a system of partial differential equations (PDEs) for the the temporal-spatial wrinkling evolution process.
Dimensionless
For the convenience of further discussions, we perform the following changes of variables: the lengths, stress and time variables are respectively normalized by h, C 11 and
With the above set of non-dimensional variables, a complete system of non-dimensional temporal-spatial PDEs for the wrinkling evolution of anisotropic elastic thin films on viscous substrates can be expressed as 26) where C 11 = C 11 /C 11 , C 12 = C 12 /C 11 , C 44 = C 44 /C 11 are the normalized elastic constants. In the rest of the paper, we concentrate on the solution of the PDEs system (2.23)-(2.26), hence all of the physical variables involved are normalized and dimensionless.
Linear stability analysis
It is easily verified that the reference state, w = u 1 = u 2 = 0, is a trivial solution to the coupled evolution equations (2.23)-(2.26). Since the thin film is supposed to be initially flat and subjected to a uniform compressive residual stress σ o αβ , the reference state may be unstable and the film may buckle to relax the strain energy. We consider a small perturbation of the reference state of the form:
where k is a wave number, θ is an angle of the wave vector, which is measured from the 
where M = (M ij ) 1≤i,j≤3 is a 3×3 matrix given by
where σ o αβ is the normalized initial residual stress, i.e.
The solution of the system (3.4) takes the following form: where λ 1 ,λ 2 ,λ 3 are the three eigenvalues of the matrix M, and the coefficients B ij are determined by the initial data. Therefore, basically, the stability of the corresponding solutions of the system is determined by the signs of the real part of the eigenvalues.
Our numerical experiments on the thin film systems, which are made of typical elastic materials with the cubic crystalline symmetry and subjected to uniform equi-biaxial compressive residual stresses, show that, the three eigenvalues of M are always real; and if ordered as λ 1 ≥ λ 2 ≥ λ 3 , then, λ 2 and λ 3 are always negative and are decreasing functions with respect to the wave number k, and there is a critical wave number k c > 0 such that, λ 1 is negative for all k > k c , and is positive for all 0 < k < k c ; furthermore, there is a fastest growing wave number k m ∈ (0,k c ), such that λ 1 is strictly increasing with respect to k for k < k m and strictly decreasing with respect to k for k > k m , and consequently λ 1 reaches the unique maximum value s m at k = k m . A typical numerical result is shown in Figure 2 . ) when ζ <0; and the material is isotropic when ζ = 0, and in such a case, the stiffness is independent of the direction [29, 30] . Intuitively speaking, the buckling instability should most likely be observed in the softest directions. This is in fact further confirmed by our numerical experiments.
In the isotropic case when ζ = C 12 +2C 44 C 11 −1 = 0, if the film is subjected to uniform equibiaxial compressive residual stress (i.e. σ o αβ = σ o δ αβ ), a direct calculation shows that the three eigenvalues of the matrix M are independent of the wave vector θ. Therefore, the growth rate is independent of crystallographic directions. For an isotropic material with elastic constants shown in Table 1 , which has corresponding Young modulus E = 123.2 GPa and Poisson ratio ν = 0.33, the numerical results on the growth rates are shown in Figure 3 and In the anisotropic case, we choose two typical cubic crystal materials for the numerical experiments, one is the crystal Si 0.7 Ge 0.3 for which the degree of anisotropic ζ > 0; the other is the crystal Cr for which ζ < 0. Figure 5 shows the numerical results on the growth rate for the cubic crystal Si 0.7 Ge 0.3 film as a function of wave number for various wave vectors. It shows that the fastest growth rate s m attains the maximum in < 100 > crystallographic directions (θ = 0, by the numerical results shown in Figure 6 . The LSA indicates that the fastest growing wavelengths along different directions are different, however the perturbation wavelength most likely to be observed in the real experiments should be the one with the maximum fastest growth rate. This observation is in agreement with our subsequent numerical experiments.
Numerical algorithm for long time evolution
While the LSA provides valuable insight into the early stage of wrinkling evolution, to study the wrinkling patterns and scaling laws the instability may lead to in a long run, we need to work on other approaches, such as numerical simulations. The partial differential equations (2.23)−(2.26) are coupled highly nonlinear sixth order PDEs. To apply explicit finite difference schemes to such a system, the typical stability requirement on the time step is ∆t < c(∆x) 6 for some problem dependent constant c, which is obviously too strict for long time numerical simulations. On the other hand, the implicit finite difference schemes, such as Crank-Nicolson type schemes, usually do have much relaxed restrictions on the time step, however, since a system of nonlinear algebraic equations must be solved numerically in each time step, the total cost of a long time numerical simulation can still be too much a burden. Inspired by the semi-implicit spectral methods proposed by Chen and shen [32] , we developed an efficient algorithm for the system (2.23)−(2.26), which turned out to be stable for reasonably big time steps and sufficiently accurate for our purpose. The basic idea is that, we first transform the system of the PDEs into a system of ODEs by means of the Fourier transform, and then apply a semi-implicit numerical scheme to solve the deduced ODE system, where the nonlinear terms are treated explicitly and computed by using as much FFT as possible. The development of the algorithm is sketched as follows. 
,
and where k = k 2 1 +k 2 2 , Q αβ is a symmetric tensor defined as    
and
where σ αβ is the normalized total stress in the thin film, which includes two parts: one is the normalized initial residual stress σ o αβ , and the other is the additional stress σ αβ produced by the buckling deformation of the thin film.
Suppose the problem is periodic with respect to the spatial variables x 1 and x 2 , then, by performing the corresponding discrete Fourier transforms, we obtain a finite system of ODEs of the form (4.1)-(4.3). To fully discretize the problem, we apply the following semi-implicit numerical scheme
where the linear terms are treated implicitly, while the nonlinear terms are treated explicitly. The equations (4.4)-(4.6) can be equivalently written in the following matrix form:
Notice that, if the terms
, for f = w, u 1 and u 2 , in M α and Q αβ , are regarded as
represents the inverse Fourier transform, then, the computation of the nonlinear terms involves only functions already obtained in the n-th time step. As a consequence, the 3×3 systems (4.7) with respect to the Fourier modes of different frequencies k 1 and k 2 in the n+1-th time step are completely separated from each other, and thus can be solved independently. This much reduced the complexity of the discrete system, and of course the cost of the computation. The numerical algorithm presented above is similar to that developed in [16, 17] . However, other than the difference in evolution equations, we notice that there is a significant difference in treating the stress terms. More precisely, in [16] is in fact an anti-diffusion term, thus if treated as a linear term, it will jeopardize the stability of the algorithm. However, for the total stress, especially in the neighborhood of the equilibrium, the effect will be much weakened.
Numerical results and discussions
In order to keep in accordance with the parameters in the experiments by Hobart [1] , the thickness ratio h r is fixed as h r = 20 3 with H = 200 nm and h = 30 nm in our numerical experiments, which are performed on a two dimensional computational cell with periodic boundary conditions. The dimensionless size of the computational cell is fixed as 1000×1000, which turned out to be sufficiently large as compared with the effective wavelength involved in our numerical experiments. A fixed 128×128 uniform mesh is introduced on the computational cell, the corresponding Fourier space variables k 1 and k 2 are thus discretized accordingly and span respectively from − 128π 1000 to 128π 1000 with a step 2π 1000 . The time step ∆t is fixed to 10 in our numerical experiments.
One of the characteristic quantity of a wrinkle pattern is its average wave number k [16, 17] , which is defined by
where w(m,n,t) is the intensity, with respect to the grid point (m,n) in the Fourier space at time t, of the Fourier transform of the out-of-plane displacement, k(m,n,t) is the cor-responding wave number, the summation is over all grid points (m,n) in the discrete Fourier space. The average wavelength L of a wrinkle pattern is given by
The average deflection of a wrinkle pattern can be characterized by the root-mean-square (RMS) of the out-of-plane displacement w, namely
where N 2 is the total number of the grid points. Small random perturbations of amplitude 0.001 on the out-of-plane displacement of the flat film are taken as initial states in our numerical experiments, i.e. we set
where Rand(N 2 ) generates N 2 pseudo-random numbers with average distribution in [−1,1]. As is shown by the top inset in Figure 7 , the initial wrinkle pattern is generally completely disordered with its Fourier spectrum distributing randomly in the discretized Fourier space. Figure 8 shows an evolution sequence of the simulated wrinkle pattern of the cubic crystal Si 0.7 Ge 0.3 thin film on the viscous BPSG layer under an equi-biaxial compressive Figure 8 (a), the waves with wave numbers greater than a certain critical wave number k c have been obviously filtered out. This is consistent with the LSA, which predicts that the high frequency components with k > k c should decay exponentially while lower frequency components are unstable. This initial stage from t = 0 to t = 10 4 in our numerical experiments may be called filtering stage, which is generally very short and may hardly be observed in physical experiments, since the real perturbations generally do not have so much high frequencies in the first place. We notice that the average wavelength L increase dramatically from 19.2 to 40.7, while the average amplitude of the wrinkles RMS decreases only slightly from 0.000577 to 0.000304 in the filtering stage.
In the period roughly between t =10 4 and t =10 5 , the average amplitude RMS begins to increase and the wave with the fastest growing wave number gradually dominates the wrinkle pattern (see Figure 8(b) ). This process continues, and at t = 4×10 5 , the wrinkles self-assemble into a well-organized pattern, more precisely, there forms a bi-phase structure consisting of many island-like sub-structures each of which are locally aligned (see Figure 9 (a)), which is also very close to the fastest growth rate 1.96×10 −5 along the [100] and [010] directions predicted by the LSA. Numerical experiments as well as the LSA also show that the time span of the initial growth stage depends on the magnitude of the residual stress, the larger the residual stress the shorter the stage, and in general it is very short and hence can be difficult to capture sharply in physical experiments [3] .
After the initial growth stage, the evolution process goes into the coarsening stage, which is characterized by the ever increasing wavelength and amplitude of the wrinkle pattern. As shown in Figure 8 (d) through Figure 8 (f), in this stage, the islands of bi-phase structure sprawl outwards, and the wrinkle pattern becomes coarser and coarser. The numerical results successfully reproduce the main features of the evolution process of the wrinkle pattern observed in the real experiments [1, [22] [23] [24] .
The numerical simulations also reveal a uninterrupted coarsening dynamics with power law behavior. Figure 10 shows that, in the coarsening stage, the RMS and L(t) can be well characterized by power laws of the form RMS ∝ t β and L(t) ∝ t γ respectively, where the exponents given by the least square data fitting are β = 0.20 and γ = 0.17. Con- sidering that the power law is independent of the materials degree of elastic anisotropy, this matches perfectly well with the result L(t) ∝ t 1 6 for isotropic elastic films on incompressible thin viscous layers predicted by Im and Huang [16] . Figure 11 shows that the power law exponents are also independent of the magnitude of the residual stress. 
FIGURE 11: RMS and L(t) as a function of t on a log-log plot for the coarsening dynamics of the wrinkle pattern for the cubic crystal Si 0.7 Ge 0.3 film on a viscous layer under five different equi-biaxial compressive residual stresses. Figure 12 shows an evolution sequence of the simulated wrinkle pattern for the cubic crystal Cr film under an equi-biaxial compressive residual stress with σ o 11 = σ o 22 = −0.003C 11 . Similarly, the evolution process is clearly separated into three stages, i.e. Figure 13 shows an evolution sequence of the simulated wrinkle pattern for an isotropic elastic film (with elastic constants given by Table 1 ) on a viscous layer under an equibiaxial compressive residual stress with σ o 11 = σ o 22 = −0.003C 11 . Again, the evolution process is separated into the filtering stage from t = 0 to t = 10 4 ( Figure 13(a) ), the initial growth stage as shown in Figure 13 (t ≥ 10 6 ) as shown in Figure 13 (d) through Figure 13 (f). As clearly shown in Figure 13 , the Fourier spectrum in the Fourier space always takes the form of a ring, in other words, there is no preferred directions for the wrinkles. This is of course a nice reflection of the material isotropy and is in perfect agreement with the LSA result obtained in Section 3.
The numerical results, at t = 4×10 5 , of the average wavelength L = 37.4 (see Figure 13(c)) and the RMS growth rate 1.84×10 −5 (see Figure 9 (c)) are again very close to the fastest growing wavelength 36.6 and the fastest growth rate 2.14×10 −5 predicted by LSA for the material in question. We notice here that the transition from an island-like pattern ( Figure 13(c) ) to a labyrinthine pattern (Figure 13(d) ) produced by our numerical experiments is very similar to that observed in the physical experiments on certain stress-driven wrinkling [3] .
Conclusions
A coupled temporal-spatial evolution PDEs system combining the FvK plate theory and the Reynolds lubrication theory is established to model the wrinkling evolution problem of a cubic crystal elastic film on a viscous layer. By the LSA, it is shown that, during the initial growth stage, for materials with cubic crystalline symmetry, the sign of the degree of the elastic anisotropy ζ = C 12 +2C 44 C 11 −1 plays an important role in the anisotropy of the buckling instability of the thin film system. More precisely, the growth rate of the fastest growing wave number, taking as a function of directions, reaches a peak in the < 100 > directions for ζ > 0, and in the < 110 > directions for ζ < 0.
To explore the long time evolution behavior of the wrinkling pattern, a highly efficient semi-implicit spectral algorithm is developed. The numerical experiments show that the wrinkling evolution process can be separated into three main stages: the first is the filtering stage in which high frequency components are filtered out; the second is the initial growth stage in which the average wavelength drops slightly and the wrinkle amplitude grows exponentially; the third is the coarsening stage in which the amplitude as well as the average wavelength of the wrinkles increase constantly and exhibit a power law scaling. Moreover, numerical experiments show that the wrinkle pattern evolution at the initial growth stage can be well predicted by LSA. Numerical experiments for the coarsening stage also reproduce the main features of the pattern formation and evolution observed in physical experiments.
We notice that that it is possible to extend our method to the incompressible viscoelastic substrates, and to find equilibrium wrinkle patterns of elastic thin films on compliant substrates [2, [18] [19] [20] [21] [33] [34] [35] , which will be left for future studies.
